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Does the Banach-Tarski Paradox have an Evil Twin?!
New theorem on bijections: if the pre-image and image sets SP and SI of a bijection B(SP,SI) have an element EC in common, then one can construct a bijection from the pre-image set with EC removed onto the image set with EC removed, i.e. B*(SP-EC,SI-EC). Simple proof: if EC is identity subbijected onto EC under B, this identity subbijection is removed, trivially constructing the desired bijection, B*(SP-EC,SI-EC). But, if EC is subbijected onto some other image element EI, then some other pre-image element EP is subbijected onto EC. We switch the pre-image EC and EP, preserving bijectivity. This yields a bijection B'(SP,SI), with EP subbijected onto EI, and EC identity subbijected onto EC. Again this identity subbijection from EC onto EC is removed from B'(SP,SI), trivially constructing the desired B*(SP-EC,SI-EC). We apply this theorem to a “Dedekind-infinite bijection” (a bijection from a set SD onto a proper subset of itself, showing that SD is Dedekind-infinite) so as to remove all common elements. We obtain a “Paradoxical Bijection” from a non-empty set onto the empty set, the Evil Twin of the Banach-Tarski Paradox, and a challenging new paradox for the community. 
(Received December 21, 2011)
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The Banach-Tarski Paradox

=90

 Accepted theorem in set theoretic geometry:

v

a finite number of “strange pieces” of
1 solid 3-D ball are rearranged into
2 solid 3-D balls the same size

e (Artwork sans permission from http://en.wikipedia.org/wiki/Banach%E2%80%93Tarski paradox.)
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I was in a rush and could not figure out how to effortlessly request permission to use artwork from ye olde wikipedia, so… 
“(Artwork sans permission from http://en.wikipedia.org/wiki/Banach%E2%80%93Tarski_paradox.)”

Stefan Banach and Alfred Tarski, both Polish mathematicians, published this astounding paradox in 1924.
It is still accepted in set theory (set theoretic geometry), 
is still the object of serious mathematical research, 
and is still a popular staple in the pop-math/pop-science world.

http://en.wikipedia.org/wiki/Banach%E2%80%93Tarski_paradox�

Simple “Permutation” of a Bijection

Part 1

{ } { }
J 44 = U

{ } { }

Figure 1 Simple bijectivity preserving “permutation”
of the bijection, eliminating the identity
subbijection, € = C, constructing the
bijection with common element removed.
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We have a bijection with an element C  common to the pre-image and image sets, i.e. with C  identity subbijected onto itself. We use a  generalized “permutation” of the bijection to remove the common element subbijection in a completely bijectivity preserving fashion, thus constructing a bijection from the pre-image set with the common element removed onto the image set with the common element removed.


Simple “Permutation” of a Bijection

Part 2

{ | S }

Figure 2 Bijectivity preserving construction of the
identity subbijection, € = C, by simply
switching elements C and A in the pre-
image set, an additional generalized
“permutation” of the bijection.
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We have another bijection with the element  C  common to the pre-image and image sets, but here  C   is not identity subbijected onto itself, but is subbijected onto the image element  E, and the pre-image element  A  is subbijected onto the image C . We switch the pre-image elements  A  and  C  in a completely bijectivity preserving fashion, obtaining the same bijection we had in Part  1 (previous slide). This pre-image element switching is another generalized “permutation” of a bijection.

Note that this is a standard permutation of the pre-image set, but it also a “permutation” of the bijection.



Simple “Permutation” of a Bijection

Part 3

{ } { }
J 44 = U

{ } { }

Figure 3 We repeat the simple bijectivity preserving
“permutation” of the € = C identity
subbijection, again constructing the bijection
with common element removed.
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Again, we have a bijection with element  C  common to the pre-image and image sets,  C  identity subbijected onto itself. Just as in Part  1  we can remove the common element subbijection in a completely bijectivity preserving fashion, constructing the bijection with the common element removed.


B
Simple “Permutation” of a Bijection

Part 4

* This simple bijection “permutation” can be
formalized in a simple theorem:

Given a bijection B(SP,SI) from a pre-image set
SP onto an image set SI, where SP and SI
have at least one element EC in common,

then using only simple bijectivity preserving
operations one can construct a bijection

B* from SP-{EC} onto SI-{EC}, i.e.

B*(SP-{EC},SI-{EC}).
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Presentation Notes
It is incredible that this extremely simple theorem, quite obviously fundamental to set theory, was missed by the likes of Dedekind, Cantor, Hilbert, Russell, Poincaré, Brouwer, Gödel, Cohen, et al.


B
Compound “Permutation” of a Bijection

Part 1

 An obvious compound “permutation”
of an arbitrary bijection is to remove
all of its common elements, while
completely preserving bijectivity.

* This could easily be made a theorem.
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This is the crucial step in discovering Banach-Tarski’s Evil Twin. 
This generalized “permutation” of the bijection  completely preserves bijectivity. 
If we start with a bijection, we necessarily derive a bijection. 
If what we derive is not a bijection, we did not have a bijection to start with.


B
Compound “Permutation” of a Bijection

Part 2

e I[f for some reason we are unable to
thus remove all of its common
elements, then there must exist a
common element that cannot be
thus removed, contradicting the
simple bijection “permutation”
theorem given above.
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(See “Simple “Permutation” of a Bijection, Part  4”, above.)
This is (for many, but not all, mathematicians) standard mathematical reasoning. Dedekind and Hilbert, for example, were stalwart champions of such non-constructive reasoning in mathematics. 
However, many mathematicians still reject, or at least mistrust, non-constructive proofs.
Strangely, reasoning using non-constructive proofs is not always used where it could be well applied.


B
Compound “Permutation” of a Bijection

Part 3

e |f the set of all (and only) the common
elements happens to be N,
Finite Induction guarantees that all
common elements can be removed,
with bijectivity completely preserved.
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Presentation Notes
This explains the earlier emphasis on the Axiom of Infinity and Finite Induction. We get a more formally substantial proof that all the common elements can be removed in Cantor’s paradigmatic example of constructing a “Dedekind-infinite bijection” to prove the fundamental transfinite arithmetic result that aleph-null plus one equals aleph-null. (See slides  “Dedekind-infinite sets, Part  3” and “Banach-Tarski and Transfinite Arithmetic”.)


B
Compound “Permutation” of a Bijection

Part 4

e If for any reason we are unable to
thus use Finite Induction to bijectivity
preservingly remove all the common
elements (all in N), then we find
ourselves falsifying not only
Finite Induction, but also its conjoined
identical twin, the Axiom of Infinity.
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This could be conceived as… Evil…


But... what about
“Dedekind-infinite Bijections”?!

e The Evil Twin of the Banach-Tarski Paradox
now makes itself known:

* Preserving bijectivity completely, we remove
all the common elements from both the pre-
image and image sets of “Dedekind-infinite
Bijections”, and within Set Theory we derive...
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Presentation Notes
The argument will come up that the contradiction proves that the derivation may never be validly performed. This is the reason for presenting earlier the slide “Inconsistency”, which see and read the notes, and the slide before that one, which gave the formal definition of “theory”.

It is at this point that some might even think of abandoning Finite Induction, perhaps by saying that “if one uses finite induction and derives a contradiction, then it is formally the case that finite induction, in that instance, only proves the predicate for a finite number of natural numbers, not all of them.” See Borowski and Borwein, The HarperCollins Dictionary of Mathematics, New York: HarperCollins, 1991, p. 222, for the actual definition of finite induction.

It is good here to remember that abandoning Finite Induction is tantamount to abandoning the Axiom of Infinity , which would definitely leave set theory in the lurch.


Banach-Tarski’s
Evil Twin!

Paradoxical Bijections”
from non-empty sets
onto the empty set, @.

{4
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This must be conceived as… Evil…

Compared to the Banach-Tarski Paradox, we will have grave difficulty in accepting these… “Paradoxical Bijections”.

I intend for this presentation to be modestly entertaining, but I also want people to take this result as seriously as they have taken Banach-Tarski, but in addition to feel rather more… mathematically terrified… by it than they have felt so far by Banach-Tarski (which should have mathematically terrified us all).


“But... what about
Cantor’s proof?!”

e Cantor “reordered” NU{0}={0,1,2,3,...}
SO as to put it into a strict one-to-one
correspondence with N={1,2,3,...} by
mapping, seemingly bijectively,
every n in NU{0} onto n+l1 in N.
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And in doing so, Cantor made this paradigmatic construction of a Dedekind-infinite set essential to the foundations of set theory. If there is a flaw  in Cantor’s construction/proof…


Is there a flaw in Cantor’s proof?!
Part 1

 But now consider a completely cardinalized
bijection of any size from a pre-image set
consisting of ®s onto an image set
consisting of Us:

o 6 6 o o.
J U u u Uu..

We need to add a new @ to the pre-image @s.
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“Completely cardinalized bijection”:
Cantor started with his ordered sets and abstracted first with regard to order, then with regard to what the elements were, what value they had. Only the fact that the elements were distinct was preserved. 
If you are thinking that 1,2,3,… and so on are cardinal numbers, you are perfectly correct. The cardinal number  1  corresponds to a single  ●,  2  corresponds to two  ●s, and so on. But e.g. the number  3  is a single element, and a single element would be cardinally represented as a single  ●. 
Above, since the set is of “any size”, we don’t know (or care) in advance what its cardinality is. Notice that no matter what size the set is, all its image  ⋃s  are bound up in subbijections.


Is there a flaw in Cantor’s proof?!
Part 2

* Notice that there is no free image U to
subbiject our unsubbijected pre-image ® onto.

u U U U Uu...
* In order to subbiject our unsubbijected pre-

image ® onto a chosen subbijected image U,
we need to desubbiject that subbijected @
and subbiject the previously unsubbijected ®.
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We must choose a single pre-image/image element subbijection as one of the co-conspirators in this pre-image element switching.


B
Is there a flaw in Cantor’s proof?!

Part 3

e The flaw in Cantor’s proof is already evident.
We merely exchange

® ® © 6 o o..
U U U...
® O ©o. .
J U U U U...

e |.e.it doesn’t matter which subbijected ® we
choose, we merely perform a null operation.
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It doesn’t really matter which image element our unsubbijected pre-image element is eventually bijectively mapped onto, so we might as well switch it with the first subbijected pre-image element. This starts to make it obvious how this will go.
In this context, switching any  2  ●s  once is abstractly equivalent to switching them any number of times, even to not switching them at all.
If we were to add a new  ⋃, we would need to add it with a  ●  already subbijected onto it, otherwise we would be cheating. 
Adding a new  ●  already subbijected onto a new  ⋃  will not give us a free  ⋃, so adding such a new subbijective pair would here be abstractly equivalent to not adding it. 
This means that we could have Cantor’s “absolute infinite” number of  ●⋃  subbijective pairs and we would still not be able to successfully add a new  ●  to the pre-image set of the bijection, as cantor seemed to do with his paradigmatic construction of a Dedekind-infinite set.



Is there a flaw in Cantor’s proof?!
Part 4

* A fundamental principle of mathematics,
which Cantor ignored, says that one must
be able to substitute the initial definition

for every instance of a defined entity and
obtain the same result.

e Here one cannot obtain the same result.
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Presentation Notes
Strangely, one almost never finds this principle in the formal rules of inference of a theory.


B
Is there a flaw in Cantor’s proof?!

Part 5

e Cantor conceived of his paradigmatic and
ostensibly bijective mapping of
each & every n in NuU{0}={0,1,2,3,...}
onto
each & every n+l1 in N={1,2,3,...}
as happening somehow “simultaneously”,
or such a question never occurred to him.
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It is very surprising that it never occurred to e.g. Kronecker, perhaps Cantor’s staunchest theoretical enemy, or to Poincaré who, by many accounts was not one of Cantor’s camp followers.


B
Is there a flaw in Cantor’s proof?!

Part 6

 Cantor overlooked that the infinity N

was defined/constructed sequentially, by
starting with 1, then proceeding
sequentially-successively with 2, 3,..., and
that his construction had to succeed even
proceeding thus, sequentially-successively.

e As we saw in Part 3, this cannot succeed.
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The infinity    was/is defined sequentially by the Axiom of Infinity.  See the slide “Axiom of Infinity”, earlier.


What Evil does this Twin threaten?!
Part 1

e Either, in the same way that we have
so far readily accepted Banach-Tarski,
we must equally accept its £vil Twin,
“Paradoxical Bijections”, or...
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This would be gravely difficult…


What Evil does this Twin threaten?!
Part 2

* Or, as a community we must seriously
start to “vet” Dedekind’s “Trojan
Horse”, his concept of “Dedekind-
infinite”, and anything else that
seems suspiciously “Greek”, and as a
community we must commence...

a “deconstruction” of Set Theory.
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This would also be gravely difficult…

BTW, apologies to the French philosopher, Jacques Derrida. This would be a “deconstruction”, only very crudely in the sense of Derrida, of set theory . http://en.wikipedia.org/wiki/Jacques_Derrida
Here the desired meaning/intention of “deconstruction” is to have “the community” (a large, proper subset thereof) undertake to analyze set theory far more fully than it has been since its inauguration over a century ago. The new findings presented here are a starting point, but there are others.



What Evil does this Twin threaten?!
Part 3

If we choose to “vet”, one of the first things to
notice is that the simple bijection “permutation’
theorem given above combined with the flaw
in Cantor’s proof will mean that:

4

adding a new element to any set constructs a
new set that always has a greater cardinality.

This immediately means that this Evil Twin
threatens several sine qua nons of Set Theory:
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This is a key idea for the future of set theory, that adding a new element to any set constructs a new set that always  has a greater “cardinality” (“” since now in question).


What Evil does this Twin threaten?!
Part 4

e |t threatens that we must find that
N F1>N,”

because the cardinality of
Nu{o} = {0,1,2,3,...}

would necessarily exceed the cardinality of
N={1,23,...}
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This Evil Twin  appears ready to make “good” on this threat.


What Evil does this Twin threaten?!
Part 5

e Thus it threatens:

The Continuum Hypothesis!
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The Continuum Hypothesis, despite the fact that there has been so much disagreement about various aspects of it, has achieved a sort of sacred status in mathematics.


What Evil does this Twin threaten?!
Part 6

* Further, it generally threatens our concepts of
1) N={1,2,3,...} and

2) the Axiom of Infinity that defines it,

3) the first transfinite cardinal, “X,”,

4) transfinite cardinal arithmetic and

5) cardinality in general, especially

6) the cardinality of the Continuum, and

7) our overall “idea” of “The Continuum”...
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Our “concept” of the continuum has not evolved sufficiently to justify “conceived”; “idea” suggests an “ideal” that we have yet to attain.


What Evil does this Twin threaten?!
Part 7/

* and of course, it threatens our concept of

Real Numbers

e So, on the horns of our theoretical and moral dilemma,
our Hobson’s Choice is...
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We are likely to eventually accept the idea that a continuum cannot consist merely of points and/or sets of points. Points can only give us a “quantinuum”, or rather many possible “quantinua” that would most often be incommensurable (according to the prime factors in the base of their “infinite base (e.g. decimal) expansion”. Sets of points can be embedded  in a continuum, but they can never completely define or construct it.


Banach-Tarski’s

Evil Twin!

e Accept “Paradoxical Bijections”
just as we have accepted the
Banach-Tarski Paradox, or...

 Or, commence a community
“deconstruction” of Set Theory.

e (With apologies to Jacques Derrida.)
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We find ourselves in a traditional double bind, impaled on the horns of a theoretical and moral dilemma, faced with a Hobson’s choice, and all of these together with a redundantly unavoidable “zugzwang” (German, “compulsion to move”, often used in chess).

Here the desired meaning/intention of “deconstruction” is to have “the community” (a large, proper subset thereof) undertake to analyze set theory far more fully than it has been since its inauguration over a century ago. The new findings presented here are a starting point, but there are others.



Banach-Tarski’s
Evil Twin/!

* “When a long established system is attacked, it
usually happens that the attack begins only at a
single point, where the weakness of the doctrine is
peculiarly evident. But criticism, when once invited,
is apt to extend much further than the most daring,
at first, would have wished.”

e Bertrand Russell, 1897, An Essay on the
Foundations of Geometry

 Alongterm community “deconstruction” of
Set Theory...


Presenter
Presentation Notes
The mathematical and philosophical communities must together engage in a serious and sincere, long term community  “deconstruction” of Set Theory. (“Deconstruction” is the term popularized by the French philosopher, Jacques Derrida. Here is intended a mathematical adaptation/extension of the kind of activity Derrida called “deconstruction”, to have “the community” (a large, proper subset thereof) undertake to analyze set theory far more fully, and over a longer period, than it has been since its inauguration over a century ago. The new findings presented here are a starting point, but there are others.) �
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